METATPEYTrO/IbHUK TAPMOHUYHOIO MUPOYCTPOMCTBA
L (3aaBKa Ha dyHOAMEHTaNbHOE OTKPbITHE)

Mpes o cywecTtBoBaHMM HEKOW UW3HA4anbHOW SfeMeHTapHOW reoMeTpudeckord mogenu B
2apMOHUYHOM MWUPOYCTPOMCTBE KOCMOCA, ONOCPEAOBaHHO MPUCYTCTBYET B APEBHUX, AOLIEAWNX 40 Hac
NMUCbMEHHbIX M YCTHbIX 3HaHuAX Tota epmeca Tpucmerucrta, y aHTu4dHbIX dunocodoB lNMudparopa,
Mapmenupa, lNnatoHa, Apuctotens, epaknuTa M MHOrux Apyrux. M3BecTtHa akcmoma O CyLUHOCTU
rapMOHUYHBLIX OTHOLLEHUA B MepapxXuu MUPOYCTPOMCTBA: bosbwiee mak OmHOCUMCS K CpedHeMy, Kak
cpedHee K meHbwemy. B aton cBasn, MnaTtoH nuwert: «lMopoxaaowaa mogens cosgaet Myup uaen, unm
BbICLLMX 60roB, a 3T BbicLUMe 60rn co3aarT KOCMOC ... U BCE pearnbHO CyLLECTBYOLLEEY.

YuTtaTensam n3BecTHbl PUCYHKN reoMeTpudecknx Ten MNnaTtoHa. MNnaToH onvcan ux, HO 3HaHWS O HUX
OH MOMyYun, MpeanonoXuTeneHO OT xpedecknx Mwuctepui Erunta, koTopble no npegaHvio Obinu
XpaHUTENsAMM HayYHbIX 3HaHWW normbwen AtnaHtuabl. CormacHo [MnatoHy (cm. guanor «Tumen»),
BceneHHasa nocTtpoeHa “nepBopoaHbIM’ Ha OCHOBE reoMeTpu4eckorn urypbl dodekaadpa:

«Koeda saw ym docmueaem rnipedena npocmpaHcmea Kocmoca — a rpedesnl mym ecmb — Mo OH
Hambikaemcsi Ha 000ekaadp, 3aMkHymbIl 8 cghepe. [Jodekaadp ecmpb 3asepwarowjasi hueypa ceomempuu
U OHa OYEHb Ba)KHa».

B Hawe Bpemsa n3BecTHo, YTO 000eKkaaldp n ukocasop ABMASAOTCH OTHOCUMTENbHBIMU NapamMeTpamm
OHK, no koTopbiM NOCTPOEHA BCS KU3Hb.

B Havane 2006 roga B ne4atu nosisunacb nHdopmaums o pacumgposke MHOXeCTBa oTorpadum
CTpaHCTBYloLLero 7 net no Hawen BceneHHon amepurkaHcKoro cnyTHrKa, raoe coobuwaercal:

«lMo gaHHbIM MoaenupoBaHus, pesynbTaTbl HabnwaeHun cnytHnka WMAP cBMAaeTenbCTBYIOT O
ToM, 4YTO BceneHnHas npeactaBngetr cobon Habop OGECKOHEYHO MNOBTOPSIOLIMXCA OOOEKAdApOB —
npaBurbHbIX MHOMOrPaHHMKOB, MOBEPXHOCTb KOTOPbLIX 06pasoBaHa 12 npaBUNbHLIMW NATUYFONbHUKAMM. ..
Ecnu pesynbtaTthl 6yayT NnoATBEPXKAEHbI, HAWK B3rNsaabl Ha BeceneHnyto 6yayT HyxaaTbCca B CEPbE3HON
KOppeKLMn».

M3BecTHO, neHTarpamma npaBWibHOrO MATUYrOfbHWKA MpeacTaBnseT cobon «BMeCcTUnuLe»
30M0TbIX NPONOPLIMHA.

MHon ObiNnM NpoBedeHbl UCCMEeAOBaHUSA OMUCaHUSA, BbIYUCIIEHUA W MOCTPOEHWUS BHELUHUX W
BHYTpPeHHMX napameTpoB dodekaadpa B CyLLECTBYIOLLEN MaTemaTMyeckon nutepaTtype, B TOM 4ucne B
Bukuneguun. dopmyrna BblYUCTIEHNS yNakoBku goAekasgapa M3 12 naTuyronbHbiX nMpamug SBnseTcs, MArko
rosops, HekoppekTHon. ObbeM gogekasgpa, No npegnaraemMon Ans BblYUCneHns dopmyne, nonyyaeTcs
bornblle obbema cepbl, B KOTOPYHO OH BNMCaH.

MocTpouTb 1 BbIMUCIIUTE NapameTpbl 4OAeKasapa cTano BO3MOXHbIM TONBKO HAa reOMETPUYECKOM U
YNCNEHHOM OCHOBaHWUM CHOPMYITMPOBAHHON 1 AOKAa3aHHOW MHOW TEOPEMbI O Memampeyao/ibHUKE.

MeTaTpeyronbHUK (T€ 0 p € M a) — NpsAMOYy20/1bHbIU MPeYy20/IbHUK Y KOMOPO20 YUCIIEHHO!

a) aunomeHysa mak omHocumcs K bonbwemy kamemy, kak 6onbwuli kamem — K
MeHbWEMY;

6) curiomeHy3a pasHa rpou3sedeHUI pPasHbIX 1o OIUHE Kamemos;

8) kgadpam 2urnomeHy3bl pageH CyMme Kgadpamoas Kamemos;

2) 8bicoma, onyweHHas ¢ NpsIMo20 yara Ha a2uromeHy3y, 0esium e20 Ha ¢hpakmarsbHble
mpeyeaonbHUKU. [locnedyrowue pakmarsnbHbie mpeyaosibHUKU densamces Ha (bpakmaribHbie
mpeyeorbHUKU aHanoau4Ho.

|/|3BeCTHO, YTO Halle 3afnieMeHTapHoe 3HaHne o MI/IpoyCTDOVICTBe Mbl C ApEeBHUX BpEMEH MOoAeNTnpyem
nocpencTBoM CrioB U 4ucern. CnoBa cocToAT 13 6yKB, a 4yucna — um3 LI,I/ICbp. B rny60|<0171 OPEBHOCTN B
HaTyp(bI/IHOCOCbI/II/I 6yKBbI n LI,VI(bpr nmcanncb OAMNHAKOBO. N3 aToro cnenyeT, 4TO HawWM JNOrnKo-
MaTemMaTnveckme mMogenn NMO3HAHUA MH0F0yDOBHeBOl7I nepapxmn boxxecTBEeHHOM rapmMoHunn
MMWPOYCTPOMCTBA NpeacTaBnAlT cobon Hekne hopMbl TaBTOMOMMMN.

Ecnu ckasaTb kopoTko 06 anrebpanyeckmx ypaBHEHUSIX, TO OHWU SIBASIOTCS TaBTONOMMYECKUMU
MoOensiMu, rae neeasi YacTb ypaBHEHUS paBHA NPaBoOW, a MX pasHULLIa paBHa «HYIHO», TO €CTb - KHUYEeroy.




METATPEYFO/IbHUK TAPMOHWYHOIO MUPOYCTPOMCTBA

(3aaBKa Ha dyHOAMEHTaNbHOE OTKPbITHE)

Mpes o cywecTtBoBaHMM HEKOW UW3HAYanbHOW SMneMeHTapHOW reoMeTpudeckorn mogenu B
2apMOHUYHOM MWUPOYCTPOMCTBE KOCMOCA, ONOCPEAOBaHHO MPUCYTCTBYET B APEBHUX, AOLIEAWNX 40 Hac
NMUCbMEHHbIX M YCTHbIX 3HaHuAX Tota epmeca Tpucmerucrta, y aHTu4dHbIX dunocodoB lNMudparopa,
Mapmenupa, lNnatoHa, Apuctotens, epaknuTa M MHOrux Apyrux. M3BecTtHa akcmoma O CyLUHOCTU
rapMOHUYHBLIX OTHOLLEHUA B MepapxXuu MUPOYCTPOMCTBA: bosbwiee mak OmHOCUMCS K CpedHeMy, Kak
cpedHee K meHbwemy. B aton cBasn, MnaTtoH nuwert: «lMopoxaaowaa mogens cosgaet Myup uaen, unm
BbICLLMX 60roB, a 3T BbicLUMe 60rn co3aarT KOCMOC ... U BCE pearnbHO CyLLECTBYOLLEEY.

YuTtaTensam n3BecTHbl PUCYHKN reoMeTpudecknx Ten MNnaTtoHa. MNnaToH onvcan ux, HO 3HaHWS O HUX
OH MOMyYun, MpeanonoXuTeneHO OT xpedecknx Mwuctepui Erunta, koTopble no npegaHvio Obinu
XpaHUTENsAMM HayYHbIX 3HaHWW normbwen AtnaHtuabl. CormacHo [MnatoHy (cm. guanor «Tumen»),
BceneHHasa nocTtpoeHa “nepBopoaHbIM’ Ha OCHOBE reoMeTpu4eckorn urypbl dodekaadpa:

«Koeda saw ym docmueaem rnipedena npocmpaHcmea Kocmoca — a rpedesnl mym ecmb — Mo OH
Hambikaemcsi Ha 000ekaadp, 3aMkHymbIl 8 cghepe. [Jodekaadp ecmpb 3asepwarowjasi hueypa ceomempuu
U OHa OYEHb Ba)KHa».

B Hawe Bpemsa n3BecTHo, YTO 000eKkaaldp n ukocasop ABMASAOTCH OTHOCUMTENbHBIMU NapamMeTpamm
OHK, no koTopbiM NOCTPOEHA BCS KU3Hb.

B Havane 2006 roga B ne4atu nosisunacb nHdopmaums o pacumgposke MHOXeCTBa oTorpadum
CTpaHCTBYloLLero 7 net no Hawen BceneHHon amepurkaHcKoro cnyTHrKa, raoe coobuwaercal:

«lMo gaHHbIM MoaenupoBaHus, pesynbTaTbl HabnwaeHun cnytHnka WMAP cBMAaeTenbCTBYIOT O
ToM, 4YTO BceneHnHas npeactaBngetr cobon Habop OGECKOHEYHO MNOBTOPSIOLIMXCA OOOEKAdApOB —
npaBurbHbIX MHOMOrPaHHMKOB, MOBEPXHOCTb KOTOPbLIX 06pasoBaHa 12 npaBUNbHLIMW NATUYFONbHUKAMM. ..
Ecnu pesynbtaTthl 6yayT NnoATBEPXKAEHbI, HAWK B3rNsaabl Ha BeceneHnyto 6yayT HyxaaTbCca B CEPbE3HON
KOppeKLMn».

M3BecTHO, neHTarpamma npaBWibHOrO MATUYrOfbHWKA MpeacTaBnseT cobon «BMeCcTUnuLe»
30M0TbIX NPONOPLIMHA.

MHon ObiNnM NpoBedeHbl UCCMEeAOBaHUSA OMUCaHUSA, BbIYUCIIEHUA W MOCTPOEHWUS BHELUHUX W
BHYTpPeHHMX napameTpoB dodekaadpa B CyLLECTBYIOLLEN MaTemaTMyeckon nutepaTtype, B TOM 4ucne B
Bukuneguun. dopmyrna BblYUCTIEHNS yNakoBku goAekasgapa M3 12 naTuyronbHbiX nMpamug SBnseTcs, MArko
rosops, HekoppekTHon. ObbeM gogekasgpa, No npegnaraemMon Ans BblYUCneHns dopmyne, nonyyaeTcs
bornblle obbema cepbl, B KOTOPYHO OH BNMCaH.

MocTpouTb 1 BbIMUCIIUTE NapameTpbl 4OAeKasapa cTano BO3MOXHbIM TONBKO HAa reOMETPUYECKOM U
YNCNEHHOM OCHOBaHWUM CHOPMYITMPOBAHHON 1 AOKAa3aHHOW MHOW TEOPEMbI O Memampeyao/ibHUKE.

MeTaTpeyronbHUK (T€ 0 p € M a) — NpsAMOYy20/1bHbIU MPeYy20/IbHUK Y KOMOPO20 YUCIIEHHO!

a) aunomeHysa mak omHocumcs K bonbwemy kamemy, kak 6onbwuli kamem — K
MeHbWEMY;

6) curiomeHy3a pasHa rpou3sedeHUI pPasHbIX 1o OIUHE Kamemos;

8) kgadpam 2urnomeHy3bl pageH CyMme Kgadpamoas Kamemos;

2) 8bicoma, onyweHHas ¢ NpsIMo20 yara Ha a2uromeHy3y, 0esium e20 Ha ¢hpakmarsbHble
mpeyeaonbHUKU. [locnedyrowue pakmarsnbHbie mpeyaosibHUKU densamces Ha (bpakmaribHbie
mpeyeorbHUKU aHanoau4Ho.

|/|3BeCTHO, YTO Halle 3afnieMeHTapHoe 3HaHne o MI/IpoyCTDOVICTBe Mbl C ApEeBHUX BpEMEH MOoAeNTnpyem
nocpencTBoM CrioB U 4ucern. CnoBa cocToAT 13 6yKB, a 4yucna — um3 LI,I/ICbp. B rny60|<0171 OPEBHOCTN B
HaTyp(bI/IHOCOCbI/II/I 6yKBbI n LI,VI(bpr nmcanncb OAMNHAKOBO. N3 aToro cnenyeT, 4TO HawWM JNOrnKo-
MaTemMaTnveckme mMogenn NMO3HAHUA MH0F0yDOBHeBOl7I nepapxmn boxxecTBEeHHOM rapmMoHunn
MMWPOYCTPOMCTBA NpeacTaBnAlT cobon Hekne hopMbl TaBTOMOMMMN.

Ecnu ckasaTb kopoTko 06 anrebpanyeckmx ypaBHEHUSIX, TO OHWU SIBASIOTCS TaBTONOMMYECKUMU
MoOensiMu, rae neeasi YacTb ypaBHEHUS paBHA NPaBoOW, a MX pasHULLIa paBHa «HYIHO», TO €CTb - KHUYEeroy.






BmecTe ¢ TeM OHM He ABNAIOTCA MOAENAMU «4UCTON» TaBTONOIMMKU, MOCKOMbKY B HUX BCerga npucyTcTayeT
XOTS 6bl OQHO M3BECTHOE MITU MHUMOE YUCIIO.

B ypaBHEHUSAX «4NUCTON» TABTONOIMM HET U3BECTHbIX KAKNX-NTMOO YMCIEHHbBIX BENMYNH UCCeayemMoro
obbekTa. NocpeaCTBOM YMCTOW TaBTONOMMW BbISIBIISIETCA OHTOMOMMYECKMI CMbICIT YMCIIOBBIX 3HAYEHUN,
3aKOAMPOBaHHbLIX OyKBEHHbIMW CcMMBONamu. Hanpumep, ypaBHEHVWE MPSMOYrOfibHOMO TPeyrofbHMKa
cornacHo Teopeme lNudparopa: z2 —x?% — y2 = 0, rae Z — runoTeHysa, X 1 Y — kaTeTbl TPeYrosibHuKa.

B ypaBHeHusix dpopmarnbHOW mMaTeMaTukM BMecTO BGyKBEHHbIX CMMBOSOB 3agaeTcs xoTs Obl 0gHO
YMCIEHHOE 3HaYeHue.

B cBA3n c Teopuenm TaBTONOrMM U (POPMUMPOBAHMEM MaTeMaTUYeCKMX Hayan napameTpoB
FApMOHWNYHBIX OOBLEKTOB N UX OTHOLLUEHWIA B €BKIMAOBOW reomMeTpum, S uUccrnegosarn ABa U3BECTHbIX B
MaTemMaTuKke KBagpaTHbIX YPaBHEHUS O «30/1I0TOM CEYEHUM» OTPe3Ka U «30M0TOM MPOoMnopunn» Mexay
uenbiM OTpe3koMm, ero Oonblie u MeHbliend 4acTblo. MeHs UuHTepecoBano OHTOMOrMYeckoe
nponcxoXxaeHue «1», cogepallencs B ypaBHEHUSIX:

x? +x—1 =0, roe X = 0,6180339887498948482045868343656...; (1)

x> —x—1=0, roe X = 1,6180339887498948482045868343656. .. (2)

OHTOnormyeckun cmbicn ypaBHeHus (1) n 4To o3Ha4YaeT B HEM MPUCYTCTBUE «1» BMOJSHE MOHATEH.
EovHnua o3HavaeT yCrnoBHYH Mepy ANUHbI eOUHUYHO20 OTpe3Ka.

OO6bsACHEHNE OHTOMNOrMYECKOro cMbicna «1» B ypaBHEHMM (2) B pasHbIX M3BECTHBLIX MCTOYHUKAX,
npoTmnBope4vmBo. MOXHO NPeanonoXnTb, YTO ypaBHEHNE MHTYUTMBHO «YyragaHo», a OObSCHEHUs O ero
OHTOJIOMMYECKON CYLUHOCTWN Kak Obl «MOATAcOBaHbI». Takmm 0Opa3oM, B MOUX MCCregoBaHWUsIX Havan
MaTeMaTM4ecKoro MOAeNMpoOBaHNs SBNEHN rapMOHMM nosiBMnack npobnema.

Mudbarop noyyan CBOMX YYEHWKOB, 4acTO MOBTOPSASA, €CMM Yy Bac BO3HMKNA npobnema, vwute
TpeyronbHWK, U OHa Ha ABe TpeTn BydeT pelueHa.
M3BeCTHO, BMUCAHHbIN B €OUHUYHYIO MOMYOKPYXHOCTb MPSMOYrOfibHbIN TPEYroflbHUK C paBHbIMU
KaTeTaMmy COOTBETCTBYET [1IBYM YPaBHEHNSAM «4UCTON» TaBTOSOMU:
a K>+ kK2 =r1% 2k =12 N G)KK=T. (3),
roe K — katet, I — runoteHysa. YucneHHoe 3HavyeHue kateTta VK =1,4142135... (4)
Bcemy octanbHoMy 6GeCKOHEYHOMY MHOXECTBY MPSAMOYFOfbHbIX TPEYroNbHUKOB, BMWCAHHbIX B
€0VHNYHYI0 MONYOKpYXXHOCTb, B cornacum ¢ HAYAJIAMW EBknuaa, ypaBHeHue 6) He COOTBETCTBYET
AeNCTBUTENbHOCTU, MOCKOMbKY Y BCEX Y HUX — pa3Hble Mo AfMHe KaTeTbl. OTO HABENO MeHs Ha crneayoluee,
Kasanocb Obl, haHTacTu4eckoe NpPeanonoXeHue.

[Mpeanonoxum, 4To B reoMeTpun, CyLecTBylOLLEen 3a npegernaMv eBknNuaoBoOW, TO eCTb B MUpe
mMeTareomeTpum (rped., oT meta - 3a, 4Ypes ge - 3emns, n metron - mepa), eCTb Takon NPSAMOYIOfbHbIV
TPEYroribHUK C pasHbiMW MO ANWHE KaTeTamMn, Yy KOTOPOro YMCMEHHO TUMOTeHy3a Tak OTHOCUTCH K
bonbliemy kaTeTy, Kak OomnblIMA KaTeT — K MeHbleMmy. A Mpou3BedeHMe KaTeTOB YMCMEHHO paBHO
rMnoTeHyse.

B aTow cBsA3n ecnn Mbl 0603Ha4YMM BOMbLUWIA KaTeT NMPAMOYrosyibHOro TpeyrosibHMKa cMmMBosioMm K, a
MEHbLUNIN KaTeT — CUMBOSIOM VK U npuMmem CpeHK BEJTMHNHY OonbLuero kaTeTa 3a 06Ll.l,yl0 Mepy BCeX
CTOPOH OaHHOro TpeyrosibHUKa, Torga rmnoTeHysa 6yp,eT paBHa KV K, TO eCTb paBHa npou3BeneHuto

KaTeToB. A yTBEepXXOeHWe, YTO rMMoTeHy3a paBHa NPOU3BEeAEHUIO KaTeToB, OyaeT MMETb TaBTONOMMYECKMUI
BUA, Kak abCcoNOTHO HEM3BECTHAsA AEeNCTBUTENbHOCTD:

KVK = KVK (5)

Tenepb 3anuwiemM ypaBHEHWE AaHHOro MPSIMOYrOfIbHOFO TPEeYroflbHUKa, B COrflacumM C TeOpeMOMn
Mudparopa (keadpam eunomeHy3bi pageH cyMMme Keadparmoea Kamermos):

(V)" — 12— (VK)* = 0 (6)
K—k*—k=0 7)
kK(k>’—k—1)=0 (8)





Takum ob6pas3om, OHTONOMMUYECKUIA CMbICN «1» B ypaBHEHUAX (6 1 7) B TOM, YTO «1» BblpaxkaeT mMepy

omHoweHuUs DOnbLUEro N MeHbLLEro kaTeta kK camomy cebe: E = % =1.
PeluuB KBagpaTHoOE ypaBHeHne K> —K—1 =0 9)
Mbl MOSNyHaeM YUCNEHHYO Mepy CTOPOH MemampeyaosibHUKa, rae:
K = 1,6180339887498948482045868343656... - AnvHa 6onbLUero kaTeTa; (10)
\/E =1,2720196495140689642524224617375... - onnHa MeHbLUEro KateTa; (11)
K\/E =2,0581710272714922503219810475804... - oniviHa rurnoTeHys3bl (12)

[drameTp NonyoKpy>XHOCTU, B KOTOPYIO BNUCAH Memampeya0/ibHUK, ABMSETCS ero rmnoTeHy3oM.

Bce cTopoHbl MemampeyaoribHUKa SBNSITCA MppauuoHanbHbIMU YUCTTamMu.

lMoacTaBMB AaHHbIE YNCITOBbIE 3HAYEHUS, NONyYeHHble M3 ypaBHeHus (9), B ypaBHeHus (3), (6), (7),
Mbl yOexaaemcs B apudmMeTUHECKON KOPPEKTHOCTM HALLUX BbIMUCIIEHWN.

[aHHble YnCneHHble 3HAYEHMS [0Ka3bIBAKOT, YTO M3HAYamNbHbIM YpaBHEHUEM MemampeyaosibHUKa
ABNSIeTCA He KkeadpamHoe ypaBHeEHWe, a ypaBHeHWe Kybudyeckoe. Ero oHTomormyeckoe copgepxaHue
uppaunoHanbHOW METPUKU OTpaKeHO MNOCPEeACTBOM [BYX  YpaBHEHWNW: YypaBHeHue(6) 3anucaHo

nocpeacTBoM Mepbl \/E MeHbLLEero kaTeTa, a ypaBHeHue (7) — nocpeacTBoM Mepbl K bonbLuero kareTa.

Takum o6pasom, anrebpamyeckun [okasaHO O CyLLECTBOBAHWWM MeTaTpeyrofibHMKa y KOTOpOro
YUCFEHHO:

6) curiomeHy3a pasHa rpou3eedeHUI0 PasHbIX 0 ONUHE Kamemos;
8) keaOpam aunomeHy3bl pageH cymMme keadpamos Kamemos;

Ona kpaTkocTM 3anuMcu AnuHHbIX uyncen (1) u (2) n nx yvactus B pasnuyHbiXx chopmynax u
apudMeTUYeCcKnx KOMOMHaUMsX, 3TU Yncna NPUHATO 06o3HavaTb OykBeHHbIMKU cumBonammn?: 0,618... - ¢
(cTpouHas 6ykea); 1,618... - ® (3arnaBHas Gykea).

B cBsi3u ¢ BbIBOPOM CUMBOMMYECKUX OBO3HAYEHUN, MHAPOPMUPYIO YnTaTens O BBEOEHHOM MHON
uMdpPoBOM 0603HaYEHUN TOYEK, MPU NOCTPOEHUN FEOMETPUYECKUX PUCYHKOB, BMECTO TPagULIMOHHOIO MX
0603HavYeHus natuHckMMu BykBamu. OTO BbI3BAHO TEM, YTO B MpakTU4eckon paboTe s CTONKHYMCS C
TPYOHOCTBIO YTEHMS FeOMETPUYECKNX PUCYHKOB, UMEIOLLMX BONbLLOe KONMYECTBO TOYEK MPW NnepeceyeHn
nuHWIA. Y6eawmncsa, ecnu B 0B603HauYeHMsX TOYEK pUCYHKa npucyTcTByeT Gonee 6 OykB, HaumHaloTcH
TPYOHOCTU OpWeHTauuuM B MpOCTpaHCTBe pucyHka. Yem Gonblue OykB, TeM mMedfleHHee OpueHTauus u
ObIcTpee HacTynaeT yTOMNAEMOCTb.

[Mpor3BOANTENBHOCTbL B YTEHNM MHOFOTOYEYHOTO PUCYHKA NOCPEACTBOM Lindp BO3pOCa B HECKOMbKO
pas. bbinu BBeAeHbI criegyoLme Ludposble 0603HaYEeHNs1 B reOMEeTPUYECKMX OO BbeKTax:

o  Toukm obosHavaroTca undpamm (1, 2 ... 10, ...);

o  OTpesku NUHWIA (CTOPOHBI, AuaroHany, ...) o6o3HavaTca ABYyMs Ludpammu, pasgeneHHbIMu Tupe
(1-3,7-12, ...);

o OcraneHble Bce cnmBonunyeckune obosHayeHnss — 6e3 nameHeHun. Hanpumep, A3,5,11.

Hanpumep, nnowagb 5-yronbHuka: 51’3’4’2’13 M Tak ganee.

PaccmoTpum, €BnsieTCS NU  2apPMOHUYHbBIM TPEYTONbHUWK, BbIYMCIEHHbIA anrebpanyeckm Kak
MeTaTpeyrosfibHWK, Y KOTOpPOro:

a) aunomeHy3a mak omHocumcsi K 6onbwemMy kamemy, kak 605bWUl Kamem — K MeHbUEMY.

MpoBepUTb AaHHYH aKCMOMY FapMOHUYHbIX OTHOLUEHWIA ANSi TPEYroNbHUKAa MOXHO NMOCPeacTBOM
nponopumMnm B OTHOLLEHMSIX €ro CTOPOH, rAe NPOU3BEedeHWe KpalHMX YNeHOB MPOMopLMU pPaBHO
Npou3BeAeH o ee CPeaHUX YNEHOB: % = %, D? = @2, (13)

Takum o6pasom, fokaszaHo, MeETaTPEYroNbHUK ABMSIETCS rapMOHUYHBIM FEOMETPUYECKUM OO LEKTOM.

Hanee TpebyeTca OokasaTb, YTO ) 8bIcoma, OfyuwleHHasi ¢ NPsIMo20 yera Ha 2urnomeHy3y, 0enum
Memampey20/bHUK Ha gbpakmarbHble mpeyaonbHUKU. [Mocnedyrowue gpakmarnbHble mpeyeosibHUKU
denamcsi Ha ghpakmarsbHbie MpPeyaobHUKU aHano2uqyHo.






[okasaTb 3TO BO3MOXHO nocpencTtBoM MOCTPOEHUA MeTaTpeyronibHMkKa C NMOMOLLbKO UMPKYNA U

nuHelikn 6e3 aenenuin uncen: P, \/5 CD\/E. Takoe NOCTpoeHne Yncen TOXAECTBEHHO AoKa3aTeNbCTBY
WX UCTUHHOCTMW MOCPEACTBOM PU3NYECKOTO SKCNEPUMEHTA, rae PU3NYEeCKUMM MHCTPYMEHTAMN SBMSIOTCS
LMPKYIb U NnHelka 6e3 geneHuni.

Pacmeop yupkyns siBnsietca abCcTpakTHOW eduHuuel 3agaHHOW Mepbl paguyca OKPYXHOCTMH,
KOTOpasi YNCNEHHO MOXeT BbiTb CKOMb YroaHO GONbLUOM M B TOM XXE CMbICie Manou, U MOXeT OblTb
BblpaXxeHa B eaAnHuLax nobon ycTaHOBNEHHOW CUCTEMbI U3MEPEHMSI.

Anroputm noctpoeHusa metatpeyronbHuka (Puc. 1)
1. C nomOLUbIO MMHENKN YepPTUM NPAMYIO JIMHUIO.

2. CTaBVM HOXKY LMPKYNS Ha JIMHUIO B TOYKY O U NPOU3BOSbHBIM PacTBOPOM LIMPKYIIS, MPUHSATHIM B
reomeTpun EBKNMAaa 3a eQuUHUYHBIG paguyc,

6 4YepTMM NOMYOKPYXHOCTb, AnameTp KOTOPOn
3 1-2=1+1=2.
L— 3. C ueHTpa nonyokpyxHoctn 0 BO3BOOUM
8 10 nepneHAavKynApHbIA nyu, KOTOpPbIN

nepecekaet ee B ToYke 3.

4. C nomoLLbi UUPKYNA Oenum paguyc
nonyokpyxxHoctu 0-1 nononam B Touke 4: 0-
4=1-4=0,5.

5. CoeanHsieM npsiMor Touku 3 n 4.,

7 1 9 4 0 5 2 6. Boluucnsem no Teopeme [Mudparopa

rmnoTeHysy 3-4 npamoyronbHoro A3,0,4: 3-4
Puc.1. Anroputm nocTpoeHNa MeTaTpeyrornbHUKa. B \/m

1,1180339887498948482045868343656... (14)
7. CTaBMM HOXKY LMPKYNs B TOYKY 4 1 pacTBOPOM LMPKyns 3-4 KpyroBbIM ABWXKEHMEM OTKNagbiBaem
Ha guameTpe oTpe3ok 4-5 = 3-4. BblMucnsiem otpesok 05 = 45 - 04 =
1,1180339887498948482045868343656 — 0,5 = 0,6180339887498948482045868343656...(d).
OTtpe3ok 1-5=0-1 + 0-5 = 1+ ¢p = 1,6180339887498948482045868343656...(P). (15)
8. CTaBuM HOXKy LUMPKYns B TOYKy 1 1 pacTBOpoM oTpeska 1-5, KpyroBbiM ABMXKEHMEM OTMeYaeM Ha
nepneHanKynspHOM fiyde TOUKY 6.
9. CoepauHsieM To4kM 1 1 6 npsamon nuHven 1-6. Takum oBpa3om, Mbl NOCTPOUIM NPSAMOYTOSIbHbIN

A1,0,6. Mo Teopeme Mudaropa Bbluvcnum ero katet 0-6 = VP2 — 12 = \/6 3ameuvy, 41O
nocTpoeHHbIn A1,0,6 — TpeyronbHuK Kennepa.

10. CTtaBUM HOXKY LMPKYNSA B TOYKY 4 U pacTBOPOM LMPKYNS 4-5 KpyroBbiM ABUXKEHUEM Ha MPSIMOMN
OoTknagbiBaem oTpesok 4-7 = 4-5,rge 1-7=0-5=¢p, a 0-7 = P.

11. CoegnHsiem ToYkM 7 1 6 NpsIMON NnHWen 6-7. Takum o6pa3om, MOCTPOEH MPSAMOYronbHbIN AB,0,7.
Mo Teopeme MNudparopa BLIYUCIISEM €ro rMNoTEHY3Y:

6.7 = /cpz + (V)" = Vo7 = Vo, (16)

CnepoBaTtenbHO, CTOPOHbI MOCTPOEHHOro MOCPeACTBOM LIMPKYNS UM NIUHENKU NPSIMOYrONbHOMO
AB,0,7, KoTopble W3HA4anbHO ObINMM BbIYMCIEHbl anredbpanyeckuM MeTOAOM, YWCIIEHHO paBHbI,
NMOCTPOEHHBLIM reOMETPUYECKN.

ANropuTMm geneHns metaTpeyrofnbHWKa Ha ppakTanbHble TPeYrofibHUKMU.

CornacHo Bwukunepguun, dpakran (nart. fractus — ApoBNéHbIN, CrOMaHHbIN, pasdbuTbii) —
MaTeMaTU4eCcKoe MHOXECTBO, OOnapatollee CBOWCTBOM camonogobusi (o6bekT, B TOYHOCTU UNu

NPUBMMKEHHO COoBMNagaroLLuii ¢ YacTbio cebs camoro, To ecTb Lefnioe umeeT Ty e opMy, YTO U 04HA UK
6onee yacreit).
Mpoaonxkmm noctpoeHune Puc.1 nocpeacTtsom geneHma Ha 4actu, NnoctpoeHHoro A6,0,7.





12. V13 BepLlUUHbI ero NpsIMOro yrna BOCCTaHOBUM Ha AuaroHanb 6-7 nepnenaukynsap 0-8, To ectb
BbICOTY TpeyronbHuka. Taknum obpa3om, JaHHbIN TPEYronbHUK pas3aeneH Ha ABa NPSMOYTrofbHbIX
TpeyronbHuka: A0,8,7, n A0,8,6. PaccmMOTpuMM Kaxgbli TpeyrorbHUK, SBMSieTCs nn  OH
dpakTanbHbIM A6,0,7 B cornacum ¢ aHHbIM onpeaernieHMeM pakrana.

13. Beiumcnsiem BbicoTy 0-8, ucxogod M3 AByX paBHO3HAYHbIX CMOCOOOB BbIYMCIEHUSA MNMOLWAan
NPsIMOYrofIbHOTO TPEYroNbHMKA, KOTOPbIE Aa0T OOVUHAKOBLIN pe3ynbTaT: Mpou3sedeHuUe Kamemos
mpeya0sibHUKa YUCIIEHHO PasHO Mpou3sedeHUuro 2urnomeHy3bl Ha 8bIcComy, OfyWeHHYI0 Ha Hee C
rpsIMoe20 yena mpeyeorbHUKa:

0,5(0VP) = 0,5« PV * VB[ (17)

Mpn cokpalleHuM NeBon M MpaBOW YacTM TOXOECTBA, OCTAETCs TONbKO YUCNEHHOE 3HaveHue

BbICOTblI MeTaTtpeyrosibHuka: 0-8 = /\/6\/6 = 0,9999999999999999999999... = 1. (18)

14. Bblumcnsiem no teopeme lMNMudaropa HEM3BECTHLIE YNCIEHHbBIE 3HAYEHMSI CTOPOH TPEYTroSIbHUKOB:

y A0,8,7 8-7= \/6; y A0,8,6 8-6 =4/ @ =0,78615137775742328606955858584293... (19)
Takvum 06pa3om, YNCNEHHOE 3HAaYEHUNE TMNOTEHY3bl 6-7 AB,0,7 MOXHO BbIMMCIIUTL MO PABHO3HAYHBIM

cdopmynam: | D2 + (\/6)2 =VP3 =/D + \/6 = OV, (20)

Mpn paccmoTpeHMM U BbIYMCNIEHUN OTHOLIEHMSI CTOopoH Yy A6,0,7, A0,8,7, u A0,8,6, raoe
nocrnefoBaTenbHO OTHOLLEHME CTOPOH Gonbluas/cpegHas = cpegHsas/MeHbluasi O4MHAKOBO ONsi BCEX
TPeyrorbHUKOB, Mbl YOeXxxaaeMcsi, YTo JaHHbIe TPeYronbHUKM NOA0OHbI U bpakTanbHbI:

NI ) Vo o Vo 1

—=—=—=—=—=—=\/CD

@ Vo Vo o1 1 Jo

15. AHanornyHblM 0Gpa3om Aarnee OensATcs Ha ABa opaKTasbHbIX TPeyrorbHUKa: BbICOTOMN 8-9

(21)

A0,8,7, n BbicoTomn 8-10 A0,8,6 C OTHOLLEHMEM CTOPOH: bonbluas/cpeaHsas = cpeaHsis/MeHbluas = \/5

BoiBoa: Teopema O peanbHOM CyLIECTBOBaHUM reOMETpUYEcKoro o0ObekTa, Ha3BaHHOro
«MeTaTpeyronbHUKy», AOoKa3aHa TaBTonormdecku, anrebpavyecku, apupMeTmdeckn n u3nyeckum ero
NOCTPOEHUEM.

K BbiLLen3noxeHHOMY 00 YHMKanbHbIX CBOWNCTBAX METaTPEeyroflbHNKa MOXHO AOMOSHUTL:

e Pa3sHuua keadpamos kamemos A6,0,7 pagHa eQuHuUue.

e Keadpam euriomeHys3bl pageH Kyby bonblie2o kamema.

e CmeneHb Kkgadpama auromeHy3bl mpeyaosibHUKa 8 mpu pasa bosibwe cmeneHu kgadpama ez2o
MeHbuWwez0 Kamema.

e  OnyweHHas Ha aurlomeHy3y 8bicoma, 0eslum ee Ha Yacmu 8 CPeOHEM U KpalHeM OMmMHOWEHUSIX
(«30noToe ceveHner») mepon ymcna ® = 1,6180339887498948482045868343656...

e  Mepol omHoweHus nnowadeli hpakmarsbHbIX MPeyaosibHUKO8 ABMASIETCA YNCIO-KOHCTaHTa ®.

e [lBa MeTvaTpeyrofnibHuka 00pasylT 2apMOHUYHbIU NPSAMOYIOfbHMK, Y KOTOPOro YWUCMEHHO
AvaroHanb Tak OTHOCUTCS K BorbLUe CTOPOHE, Kak — Borbluasi K MeHbLLEA CTOPOHE.

e 4 meTaTpeyronbHuKa obpasyloT pomb, KOTOPbIA BNUCBIBAETCS B S//1UMC C NOMYOCSAMU YUCNEHHO
paBHbIMU @ 1 VO,

© CeprueHko MNeTp AxyboBuy
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BmecTe ¢ TeM OHM He ABNAIOTCA MOAENAMU «4UCTON» TaBTONOIMMKU, MOCKOMbKY B HUX BCerga npucyTcTayeT
XOTS 6bl OQHO M3BECTHOE MITU MHUMOE YUCIIO.

B ypaBHEHUSAX «4NUCTON» TABTONOIMM HET U3BECTHbIX KAKNX-NTMOO YMCIEHHbBIX BENMYNH UCCeayemMoro
obbekTa. NocpeaCTBOM YMCTOW TaBTONOMMW BbISIBIISIETCA OHTOMOMMYECKMI CMbICIT YMCIIOBBIX 3HAYEHUN,
3aKOAMPOBaHHbLIX OyKBEHHbIMW CcMMBONamu. Hanpumep, ypaBHEHVWE MPSMOYrOfibHOMO TPeyrofbHMKa
cornacHo Teopeme lNudparopa: z2 —x?% — y2 = 0, rae Z — runoTeHysa, X 1 Y — kaTeTbl TPeYrosibHuKa.

B ypaBHeHusix dpopmarnbHOW mMaTeMaTukM BMecTO BGyKBEHHbIX CMMBOSOB 3agaeTcs xoTs Obl 0gHO
YMCIEHHOE 3HaYeHue.

B cBA3n c Teopuenm TaBTONOrMM U (POPMUMPOBAHMEM MaTeMaTUYeCKMX Hayan napameTpoB
FApMOHWNYHBIX OOBLEKTOB N UX OTHOLLUEHWIA B €BKIMAOBOW reomMeTpum, S uUccrnegosarn ABa U3BECTHbIX B
MaTemMaTuKke KBagpaTHbIX YPaBHEHUS O «30/1I0TOM CEYEHUM» OTPe3Ka U «30M0TOM MPOoMnopunn» Mexay
uenbiM OTpe3koMm, ero Oonblie u MeHbliend 4acTblo. MeHs UuHTepecoBano OHTOMOrMYeckoe
nponcxoXxaeHue «1», cogepallencs B ypaBHEHUSIX:

x? +x—1 =0, roe X = 0,6180339887498948482045868343656...; (1)

x> —x—1=0, roe X = 1,6180339887498948482045868343656. .. (2)

OHTOnormyeckun cmbicn ypaBHeHus (1) n 4To o3Ha4YaeT B HEM MPUCYTCTBUE «1» BMOJSHE MOHATEH.
EovHnua o3HavaeT yCrnoBHYH Mepy ANUHbI eOUHUYHO20 OTpe3Ka.

OO6bsACHEHNE OHTOMNOrMYECKOro cMbicna «1» B ypaBHEHMM (2) B pasHbIX M3BECTHBLIX MCTOYHUKAX,
npoTmnBope4vmBo. MOXHO NPeanonoXnTb, YTO ypaBHEHNE MHTYUTMBHO «YyragaHo», a OObSCHEHUs O ero
OHTOJIOMMYECKON CYLUHOCTWN Kak Obl «MOATAcOBaHbI». Takmm 0Opa3oM, B MOUX MCCregoBaHWUsIX Havan
MaTeMaTM4ecKoro MOAeNMpoOBaHNs SBNEHN rapMOHMM nosiBMnack npobnema.

Mudbarop noyyan CBOMX YYEHWKOB, 4acTO MOBTOPSASA, €CMM Yy Bac BO3HMKNA npobnema, vwute
TpeyronbHWK, U OHa Ha ABe TpeTn BydeT pelueHa.
M3BeCTHO, BMUCAHHbIN B €OUHUYHYIO MOMYOKPYXHOCTb MPSMOYrOfibHbIN TPEYroflbHUK C paBHbIMU
KaTeTaMmy COOTBETCTBYET [1IBYM YPaBHEHNSAM «4UCTON» TaBTOSOMU:
a K>+ kK2 =r1% 2k =12 N G)KK=T. (3),
roe K — katet, I — runoteHysa. YucneHHoe 3HavyeHue kateTta VK =1,4142135... (4)
Bcemy octanbHoMy 6GeCKOHEYHOMY MHOXECTBY MPSAMOYFOfbHbIX TPEYroNbHUKOB, BMWCAHHbIX B
€0VHNYHYI0 MONYOKpYXXHOCTb, B cornacum ¢ HAYAJIAMW EBknuaa, ypaBHeHue 6) He COOTBETCTBYET
AeNCTBUTENbHOCTU, MOCKOMbKY Y BCEX Y HUX — pa3Hble Mo AfMHe KaTeTbl. OTO HABENO MeHs Ha crneayoluee,
Kasanocb Obl, haHTacTu4eckoe NpPeanonoXeHue.

[Mpeanonoxum, 4To B reoMeTpun, CyLecTBylOLLEen 3a npegernaMv eBknNuaoBoOW, TO eCTb B MUpe
mMeTareomeTpum (rped., oT meta - 3a, 4Ypes ge - 3emns, n metron - mepa), eCTb Takon NPSAMOYIOfbHbIV
TPEYroribHUK C pasHbiMW MO ANWHE KaTeTamMn, Yy KOTOPOro YMCMEHHO TUMOTeHy3a Tak OTHOCUTCH K
bonbliemy kaTeTy, Kak OomnblIMA KaTeT — K MeHbleMmy. A Mpou3BedeHMe KaTeTOB YMCMEHHO paBHO
rMnoTeHyse.

B aTow cBsA3n ecnn Mbl 0603Ha4YMM BOMbLUWIA KaTeT NMPAMOYrosyibHOro TpeyrosibHMKa cMmMBosioMm K, a
MEHbLUNIN KaTeT — CUMBOSIOM VK U npuMmem CpeHK BEJTMHNHY OonbLuero kaTeTa 3a 06Ll.l,yl0 Mepy BCeX
CTOPOH OaHHOro TpeyrosibHUKa, Torga rmnoTeHysa 6yp,eT paBHa KV K, TO eCTb paBHa npou3BeneHuto

KaTeToB. A yTBEepXXOeHWe, YTO rMMoTeHy3a paBHa NPOU3BEeAEHUIO KaTeToB, OyaeT MMETb TaBTONOMMYECKMUI
BUA, Kak abCcoNOTHO HEM3BECTHAsA AEeNCTBUTENbHOCTD:

KVK = KVK (5)

Tenepb 3anuwiemM ypaBHEHWE AaHHOro MPSIMOYrOfIbHOFO TPEeYroflbHUKa, B COrflacumM C TeOpeMOMn
Mudparopa (keadpam eunomeHy3bi pageH cyMMme Keadparmoea Kamermos):

(V)" — 12— (VK)* = 0 (6)
K—k*—k=0 7)
kK(k>’—k—1)=0 (8)



Takum ob6pas3om, OHTONOMMUYECKUIA CMbICN «1» B ypaBHEHUAX (6 1 7) B TOM, YTO «1» BblpaxkaeT mMepy

omHoweHuUs DOnbLUEro N MeHbLLEro kaTeta kK camomy cebe: E = % =1.
PeluuB KBagpaTHoOE ypaBHeHne K> —K—1 =0 9)
Mbl MOSNyHaeM YUCNEHHYO Mepy CTOPOH MemampeyaosibHUKa, rae:
K = 1,6180339887498948482045868343656... - AnvHa 6onbLUero kaTeTa; (10)
\/E =1,2720196495140689642524224617375... - onnHa MeHbLUEro KateTa; (11)
K\/E =2,0581710272714922503219810475804... - oniviHa rurnoTeHys3bl (12)

[drameTp NonyoKpy>XHOCTU, B KOTOPYIO BNUCAH Memampeya0/ibHUK, ABMSETCS ero rmnoTeHy3oM.

Bce cTopoHbl MemampeyaoribHUKa SBNSITCA MppauuoHanbHbIMU YUCTTamMu.

lMoacTaBMB AaHHbIE YNCITOBbIE 3HAYEHUS, NONyYeHHble M3 ypaBHeHus (9), B ypaBHeHus (3), (6), (7),
Mbl yOexaaemcs B apudmMeTUHECKON KOPPEKTHOCTM HALLUX BbIMUCIIEHWN.

[aHHble YnCneHHble 3HAYEHMS [0Ka3bIBAKOT, YTO M3HAYamNbHbIM YpaBHEHUEM MemampeyaosibHUKa
ABNSIeTCA He KkeadpamHoe ypaBHeEHWe, a ypaBHeHWe Kybudyeckoe. Ero oHTomormyeckoe copgepxaHue
uppaunoHanbHOW METPUKU OTpaKeHO MNOCPEeACTBOM [BYX  YpaBHEHWNW: YypaBHeHue(6) 3anucaHo

nocpeacTBoM Mepbl \/E MeHbLLEero kaTeTa, a ypaBHeHue (7) — nocpeacTBoM Mepbl K bonbLuero kareTa.

Takum o6pasom, anrebpamyeckun [okasaHO O CyLLECTBOBAHWWM MeTaTpeyrofibHMKa y KOTOpOro
YUCFEHHO:

6) curiomeHy3a pasHa rpou3eedeHUI0 PasHbIX 0 ONUHE Kamemos;
8) keaOpam aunomeHy3bl pageH cymMme keadpamos Kamemos;

Ona kpaTkocTM 3anuMcu AnuHHbIX uyncen (1) u (2) n nx yvactus B pasnuyHbiXx chopmynax u
apudMeTUYeCcKnx KOMOMHaUMsX, 3TU Yncna NPUHATO 06o3HavaTb OykBeHHbIMKU cumBonammn?: 0,618... - ¢
(cTpouHas 6ykea); 1,618... - ® (3arnaBHas Gykea).

B cBsi3u ¢ BbIBOPOM CUMBOMMYECKUX OBO3HAYEHUN, MHAPOPMUPYIO YnTaTens O BBEOEHHOM MHON
uMdpPoBOM 0603HaYEHUN TOYEK, MPU NOCTPOEHUN FEOMETPUYECKUX PUCYHKOB, BMECTO TPagULIMOHHOIO MX
0603HavYeHus natuHckMMu BykBamu. OTO BbI3BAHO TEM, YTO B MpakTU4eckon paboTe s CTONKHYMCS C
TPYOHOCTBIO YTEHMS FeOMETPUYECKNX PUCYHKOB, UMEIOLLMX BONbLLOe KONMYECTBO TOYEK MPW NnepeceyeHn
nuHWIA. Y6eawmncsa, ecnu B 0B603HauYeHMsX TOYEK pUCYHKa npucyTcTByeT Gonee 6 OykB, HaumHaloTcH
TPYOHOCTU OpWeHTauuuM B MpOCTpaHCTBe pucyHka. Yem Gonblue OykB, TeM mMedfleHHee OpueHTauus u
ObIcTpee HacTynaeT yTOMNAEMOCTb.

[Mpor3BOANTENBHOCTbL B YTEHNM MHOFOTOYEYHOTO PUCYHKA NOCPEACTBOM Lindp BO3pOCa B HECKOMbKO
pas. bbinu BBeAeHbI criegyoLme Ludposble 0603HaYEeHNs1 B reOMEeTPUYECKMX OO BbeKTax:

o  Toukm obosHavaroTca undpamm (1, 2 ... 10, ...);

o  OTpesku NUHWIA (CTOPOHBI, AuaroHany, ...) o6o3HavaTca ABYyMs Ludpammu, pasgeneHHbIMu Tupe
(1-3,7-12, ...);

o OcraneHble Bce cnmBonunyeckune obosHayeHnss — 6e3 nameHeHun. Hanpumep, A3,5,11.

Hanpumep, nnowagb 5-yronbHuka: 51’3’4’2’13 M Tak ganee.

PaccmoTpum, €BnsieTCS NU  2apPMOHUYHbBIM TPEYTONbHUWK, BbIYMCIEHHbIA anrebpanyeckm Kak
MeTaTpeyrosfibHWK, Y KOTOpPOro:

a) aunomeHy3a mak omHocumcsi K 6onbwemMy kamemy, kak 605bWUl Kamem — K MeHbUEMY.

MpoBepUTb AaHHYH aKCMOMY FapMOHUYHbIX OTHOLUEHWIA ANSi TPEYroNbHUKAa MOXHO NMOCPeacTBOM
nponopumMnm B OTHOLLEHMSIX €ro CTOPOH, rAe NPOU3BEedeHWe KpalHMX YNeHOB MPOMopLMU pPaBHO
Npou3BeAeH o ee CPeaHUX YNEHOB: % = %, D? = @2, (13)

Takum o6pasom, fokaszaHo, MeETaTPEYroNbHUK ABMSIETCS rapMOHUYHBIM FEOMETPUYECKUM OO LEKTOM.

Hanee TpebyeTca OokasaTb, YTO ) 8bIcoma, OfyuwleHHasi ¢ NPsIMo20 yera Ha 2urnomeHy3y, 0enum
Memampey20/bHUK Ha gbpakmarbHble mpeyaonbHUKU. [Mocnedyrowue gpakmarnbHble mpeyeosibHUKU
denamcsi Ha ghpakmarsbHbie MpPeyaobHUKU aHano2uqyHo.




[okasaTb 3TO BO3MOXHO nocpencTtBoM MOCTPOEHUA MeTaTpeyronibHMkKa C NMOMOLLbKO UMPKYNA U

nuHelikn 6e3 aenenuin uncen: P, \/5 CD\/E. Takoe NOCTpoeHne Yncen TOXAECTBEHHO AoKa3aTeNbCTBY
WX UCTUHHOCTMW MOCPEACTBOM PU3NYECKOTO SKCNEPUMEHTA, rae PU3NYEeCKUMM MHCTPYMEHTAMN SBMSIOTCS
LMPKYIb U NnHelka 6e3 geneHuni.

Pacmeop yupkyns siBnsietca abCcTpakTHOW eduHuuel 3agaHHOW Mepbl paguyca OKPYXHOCTMH,
KOTOpasi YNCNEHHO MOXeT BbiTb CKOMb YroaHO GONbLUOM M B TOM XXE CMbICie Manou, U MOXeT OblTb
BblpaXxeHa B eaAnHuLax nobon ycTaHOBNEHHOW CUCTEMbI U3MEPEHMSI.

Anroputm noctpoeHusa metatpeyronbHuka (Puc. 1)
1. C nomOLUbIO MMHENKN YepPTUM NPAMYIO JIMHUIO.

2. CTaBVM HOXKY LMPKYNS Ha JIMHUIO B TOYKY O U NPOU3BOSbHBIM PacTBOPOM LIMPKYIIS, MPUHSATHIM B
reomeTpun EBKNMAaa 3a eQuUHUYHBIG paguyc,

6 4YepTMM NOMYOKPYXHOCTb, AnameTp KOTOPOn
3 1-2=1+1=2.
L— 3. C ueHTpa nonyokpyxHoctn 0 BO3BOOUM
8 10 nepneHAavKynApHbIA nyu, KOTOpPbIN

nepecekaet ee B ToYke 3.

4. C nomoLLbi UUPKYNA Oenum paguyc
nonyokpyxxHoctu 0-1 nononam B Touke 4: 0-
4=1-4=0,5.

5. CoeanHsieM npsiMor Touku 3 n 4.,

7 1 9 4 0 5 2 6. Boluucnsem no Teopeme [Mudparopa

rmnoTeHysy 3-4 npamoyronbHoro A3,0,4: 3-4
Puc.1. Anroputm nocTpoeHNa MeTaTpeyrornbHUKa. B \/m

1,1180339887498948482045868343656... (14)
7. CTaBMM HOXKY LMPKYNs B TOYKY 4 1 pacTBOPOM LMPKyns 3-4 KpyroBbIM ABWXKEHMEM OTKNagbiBaem
Ha guameTpe oTpe3ok 4-5 = 3-4. BblMucnsiem otpesok 05 = 45 - 04 =
1,1180339887498948482045868343656 — 0,5 = 0,6180339887498948482045868343656...(d).
OTtpe3ok 1-5=0-1 + 0-5 = 1+ ¢p = 1,6180339887498948482045868343656...(P). (15)
8. CTaBuM HOXKy LUMPKYns B TOYKy 1 1 pacTBOpoM oTpeska 1-5, KpyroBbiM ABMXKEHMEM OTMeYaeM Ha
nepneHanKynspHOM fiyde TOUKY 6.
9. CoepauHsieM To4kM 1 1 6 npsamon nuHven 1-6. Takum oBpa3om, Mbl NOCTPOUIM NPSAMOYTOSIbHbIN

A1,0,6. Mo Teopeme Mudaropa Bbluvcnum ero katet 0-6 = VP2 — 12 = \/6 3ameuvy, 41O
nocTpoeHHbIn A1,0,6 — TpeyronbHuK Kennepa.

10. CTtaBUM HOXKY LMPKYNSA B TOYKY 4 U pacTBOPOM LMPKYNS 4-5 KpyroBbiM ABUXKEHUEM Ha MPSIMOMN
OoTknagbiBaem oTpesok 4-7 = 4-5,rge 1-7=0-5=¢p, a 0-7 = P.

11. CoegnHsiem ToYkM 7 1 6 NpsIMON NnHWen 6-7. Takum o6pa3om, MOCTPOEH MPSAMOYronbHbIN AB,0,7.
Mo Teopeme MNudparopa BLIYUCIISEM €ro rMNoTEHY3Y:

6.7 = /cpz + (V)" = Vo7 = Vo, (16)

CnepoBaTtenbHO, CTOPOHbI MOCTPOEHHOro MOCPeACTBOM LIMPKYNS UM NIUHENKU NPSIMOYrONbHOMO
AB,0,7, KoTopble W3HA4anbHO ObINMM BbIYMCIEHbl anredbpanyeckuM MeTOAOM, YWCIIEHHO paBHbI,
NMOCTPOEHHBLIM reOMETPUYECKN.

ANropuTMm geneHns metaTpeyrofnbHWKa Ha ppakTanbHble TPeYrofibHUKMU.

CornacHo Bwukunepguun, dpakran (nart. fractus — ApoBNéHbIN, CrOMaHHbIN, pasdbuTbii) —
MaTeMaTU4eCcKoe MHOXECTBO, OOnapatollee CBOWCTBOM camonogobusi (o6bekT, B TOYHOCTU UNu

NPUBMMKEHHO COoBMNagaroLLuii ¢ YacTbio cebs camoro, To ecTb Lefnioe umeeT Ty e opMy, YTO U 04HA UK
6onee yacreit).
Mpoaonxkmm noctpoeHune Puc.1 nocpeacTtsom geneHma Ha 4actu, NnoctpoeHHoro A6,0,7.



12. V13 BepLlUUHbI ero NpsIMOro yrna BOCCTaHOBUM Ha AuaroHanb 6-7 nepnenaukynsap 0-8, To ectb
BbICOTY TpeyronbHuka. Taknum obpa3om, JaHHbIN TPEYronbHUK pas3aeneH Ha ABa NPSMOYTrofbHbIX
TpeyronbHuka: A0,8,7, n A0,8,6. PaccmMOTpuMM Kaxgbli TpeyrorbHUK, SBMSieTCs nn  OH
dpakTanbHbIM A6,0,7 B cornacum ¢ aHHbIM onpeaernieHMeM pakrana.

13. Beiumcnsiem BbicoTy 0-8, ucxogod M3 AByX paBHO3HAYHbIX CMOCOOOB BbIYMCIEHUSA MNMOLWAan
NPsIMOYrofIbHOTO TPEYroNbHMKA, KOTOPbIE Aa0T OOVUHAKOBLIN pe3ynbTaT: Mpou3sedeHuUe Kamemos
mpeya0sibHUKa YUCIIEHHO PasHO Mpou3sedeHUuro 2urnomeHy3bl Ha 8bIcComy, OfyWeHHYI0 Ha Hee C
rpsIMoe20 yena mpeyeorbHUKa:

0,5(0VP) = 0,5« PV * VB[ (17)

Mpn cokpalleHuM NeBon M MpaBOW YacTM TOXOECTBA, OCTAETCs TONbKO YUCNEHHOE 3HaveHue

BbICOTblI MeTaTtpeyrosibHuka: 0-8 = /\/6\/6 = 0,9999999999999999999999... = 1. (18)

14. Bblumcnsiem no teopeme lMNMudaropa HEM3BECTHLIE YNCIEHHbBIE 3HAYEHMSI CTOPOH TPEYTroSIbHUKOB:

y A0,8,7 8-7= \/6; y A0,8,6 8-6 =4/ @ =0,78615137775742328606955858584293... (19)
Takvum 06pa3om, YNCNEHHOE 3HAaYEHUNE TMNOTEHY3bl 6-7 AB,0,7 MOXHO BbIMMCIIUTL MO PABHO3HAYHBIM

cdopmynam: | D2 + (\/6)2 =VP3 =/D + \/6 = OV, (20)

Mpn paccmoTpeHMM U BbIYMCNIEHUN OTHOLIEHMSI CTOopoH Yy A6,0,7, A0,8,7, u A0,8,6, raoe
nocrnefoBaTenbHO OTHOLLEHME CTOPOH Gonbluas/cpegHas = cpegHsas/MeHbluasi O4MHAKOBO ONsi BCEX
TPeyrorbHUKOB, Mbl YOeXxxaaeMcsi, YTo JaHHbIe TPeYronbHUKM NOA0OHbI U bpakTanbHbI:

NI ) Vo o Vo 1

—=—=—=—=—=—=\/CD

@ Vo Vo o1 1 Jo

15. AHanornyHblM 0Gpa3om Aarnee OensATcs Ha ABa opaKTasbHbIX TPeyrorbHUKa: BbICOTOMN 8-9

(21)

A0,8,7, n BbicoTomn 8-10 A0,8,6 C OTHOLLEHMEM CTOPOH: bonbluas/cpeaHsas = cpeaHsis/MeHbluas = \/5

BoiBoa: Teopema O peanbHOM CyLIECTBOBaHUM reOMETpUYEcKoro o0ObekTa, Ha3BaHHOro
«MeTaTpeyronbHUKy», AOoKa3aHa TaBTonormdecku, anrebpavyecku, apupMeTmdeckn n u3nyeckum ero
NOCTPOEHUEM.

K BbiLLen3noxeHHOMY 00 YHMKanbHbIX CBOWNCTBAX METaTPEeyroflbHNKa MOXHO AOMOSHUTL:

e Pa3sHuua keadpamos kamemos A6,0,7 pagHa eQuHuUue.

e Keadpam euriomeHys3bl pageH Kyby bonblie2o kamema.

e CmeneHb Kkgadpama auromeHy3bl mpeyaosibHUKa 8 mpu pasa bosibwe cmeneHu kgadpama ez2o
MeHbuWwez0 Kamema.

e  OnyweHHas Ha aurlomeHy3y 8bicoma, 0eslum ee Ha Yacmu 8 CPeOHEM U KpalHeM OMmMHOWEHUSIX
(«30noToe ceveHner») mepon ymcna ® = 1,6180339887498948482045868343656...

e  Mepol omHoweHus nnowadeli hpakmarsbHbIX MPeyaosibHUKO8 ABMASIETCA YNCIO-KOHCTaHTa ®.

e [lBa MeTvaTpeyrofnibHuka 00pasylT 2apMOHUYHbIU NPSAMOYIOfbHMK, Y KOTOPOro YWUCMEHHO
AvaroHanb Tak OTHOCUTCS K BorbLUe CTOPOHE, Kak — Borbluasi K MeHbLLEA CTOPOHE.

e 4 meTaTpeyronbHuKa obpasyloT pomb, KOTOPbIA BNUCBIBAETCS B S//1UMC C NOMYOCSAMU YUCNEHHO
paBHbIMU @ 1 VO,
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